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Let (2, F,P) be a probability space carrying a Brownian motion (B;):>o. Its canonical filtration
(Ft)e>0 is supposed to satisfy the usual conditions: complete and right-continuous.

1 Wald’s optimal stopping for Brownian motion

In this section, we are interested in the following optimal stopping problem: for a measurable map
G : RT — R, satisfying
Vz € R, G(lz|) < ea’® +d, (1)

for some d € R, ¢ > 0, tempt to maximize the expectation E [G(|B;|) — ¢7], over all integrable (F)-
stopping times. In the next section, we will see, as consequences, some estimates for expectation of
randomly-stopped Brownian motion and maximal inequalities.

1.1 Particular case: G : || — |z|', 0 < p < 2
1.1.1 An important case G : |z| — 2?

Theorem 1.1 (Wald’s identity). For all integrable (F;)-stopping time T,
£ [B2] = E[7].

Proof. Let T be an integrable (F;)-stopping time. Since (B? —t);>q is a martingale, (B%_—t A T)s0
is also a martingale as a stopped martingale, so

Vt>0, E[B},] =E[tAT]. (2)

Besides, (Biar )0 is a square-integrable martingale with continuous paths, thus, by Doob’s inequality,

for all ¢t > 0,
| sup |Bsar|ll2 < 24/E [BA,] = 2/ E[t A 7] < 2+/E[7].

s€[0,t]

By the monotone convergence theorem, we get E [SupsZO Bf/w] < 4E[7] < +o0. Thus, (Bf,,)> 18
uniformly integrable, being dominated by sup,~, B2, ., which is integrable. Hence it converges almost
surely and in L'. Since 7 is finite a.s. (it is integrable), the almost sure limit is B2.

Then, taking the limit as ¢ goes to +o00 in , by convergence in L' for the left side, and monotone
convergence theorem for the right side, we get E [B2] = E[7]. O

Proposition 1.1. Let ¢ > 0, we have,

o 1 | 4oo ifce€l0,1],
supE [B? —c7] = { 0 elsewhere,

where the supremum is taken over all integrable (F;)-stopping times.

Proof. Let T be an integrable (F;)-stopping time. By Theorem [L.1} E[B2 — ¢7] = (1 — ¢)E[r]. Three
situations need to be considered:

e If ¢ €]0,1[, with 7 =n € N, sup, E[B? — ¢7] > sup,(1 — ¢)n = +o0.

e Ifc=1,sup, E[B2—cr]=0.

e If c €]1,4+00], (1 — ¢)E[r] <0, the supremum is reached with 7 = 0.



1.1.2 Case G:|z|— |z[’, 0 <p <2
We can then go further, taking any p €0, 2].

Theorem 1.2. Let 0 < p < 2 and ¢ > 0, we have,

Y

2—p (p )p/(2p)

supE [|B; |’ —er] = =
T p

2c
where the supremum is taken over all integrable (F;)-stopping times.
1/(2-p)
The optimal stopping time is T, . = inf {t >0,|By = <2£> }
c
Remark 1.1. 7,. is an integrable stopping time: we show that the almost surely finite stopping time

T, =inf{t > 0,|B;| = «} = 7 A 7_, where 7, = inf{¢t > 0, B; = z}, is integrable. One will be able
1/(2—p)
to conclude by taking x = P .

c
Since, T, A n is bounded, it is integrable. By Theorem [I.1] 7). being finite, we get by the monotone
convergence theorem E [BZ, \ | = E[T, A n] = E[T,].
n—-+0oo
Besides, E [B?. .| = 2*P(T, < n) + E[B211,.,]. Since T, is finite a.s., P(T, <n) —» 1, then, by

n—+00
dominated convergence theorem (using |B21r, | < 2?), E[BF. ] - x?. Thus E[T,] = 2% < +o0.
n—-+0o0

Proof. Call V,(p,c) = E|[|B,|" — c¢7], whenever 7 is a stopping time. Let 7 be an integrable (F;)-
stopping time. By Theorem (1.1} we get

Vi(p,c) =E[|B, — B2 = /R(|x|p — ca?)dFy, (2),

where Fp, is the cumulative distribution function of B,. We maximize

D

p?c

R — R
2

r = |z’ —cx®

It is an even function, so it suffices to maximize it on R*. D, . is differentiable on R* and D], . :
P )1/(2—p>

— S a
2c

pxP~t — 2cx. Since lim D, .(z) = —oo, D, reaches its maximum on R at z = + (
T—r00
consequence,

D 1/(2—p) 2 — D /(D p/(2—p)
+(p,c) = D, (x)dF < Dy o, = \5. ’
V-(p,c) /R pe(T)dFp, () 2 ((20> » (20>

p

But, using the fact that B, . € {j: (2—
’ c

1/(2-p) ,
) a.s. and D, . is even, we get

V:"p,c <p’ C) =E [’BTP»C i CB3P16:|

1/(2-p) 1/2-p) 1/(2-p) 1/(2-p)
=2 (- (3P (B == ()T ) 2 () P (2= ()
C ’ C C ’ C

P\ Y/ (2-p) 2—1p ([ p\P/(2D)
o ((B)7) -5
' 2c P 2c

O

Remark 1.2. If p €]2, +00[, we can adapt the latter proof to find inf, E[| B;|" — ¢7], where the infimum
is taken over all integrable (F;)-stopping times: we minimize

D, - R —» R
r — ||’ — ca?
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It is an even function, so it suffices to minimize it on R*. D, is differentiable on R* and D, :

x +— prP~! — 2cx. Since lim D, .(z) = 400, D, . reaches a minimum on R. Thus, D, . reaches its
T—00

o p\ 1/ (2-p)
minimum at x = + <—> .

S a consequence,
2c

~ P\ Y/ (2=p) 2—1p [ p\P/ (2P
Volp.c) 2 Dy ((%) -G

2 — p/(2—p)
infE[|B, "~ er) > =L ()77
T P 2c

where the infimum is taken over all integrable (F;)-stopping times. And as in the preceding proof,
the optimal stopping time is 7.

Thus

1.2 General case
With the same method as above, we have

Theorem 1.3. Letd € R, ¢ > 0 and let G : Rt — R be a measurable map, satisfying the boundedness
condition , then

sup E [G(|B,|) — e7] = sup(G(|z]) — ca?),

T T€R

where the supremum is taken over all integrable (F;)-stopping times.
The optimal stopping time is the hitting time by the absolute value of Brownian motion |B| of the
set of all mazimum points of the map Dg,. : v — G(|z|) — cx?, when Dg . reaches a mazimum on R,
i.e. 7. =1inf{t > 0,|B;| = argmax D¢ .}.

Remark 1.3. We will see during the proof that if Dg . doesn’t reach a maximum on R, one can
only find an optimal sequence of integrable (F;)-stopping times (7,),: sup, E[G(|B;|) —cr] =
lim E[G(|Br.|) — Tl

T—+00

Proof. As in the next section, introduce V;(G, ¢) = E[G(|B;|) — c¢7], whenever 7 is a stopping time.
Let 7 be an integrable (F;)-stopping time. By Theorem , we get

ViG.0) = E[GUB]) 3] = [ (Gllal) = a)dF, (a)

We maximize

Dee : R — R
r — G(|z|) — ca®

By the boudness condition , D¢ . has an upper bound, we split into two cases:

e If D¢ . reaches its maximum at zy € R, then V,(G,¢) < Dg ().
By using the stopping time 7}, defined in Remark since D¢ is even, doing as in the
previous section, we get
sup E [G(|B;|) — 7] = D¢ (o).

e If D¢ . reaches its maximum on £oo, then for all z € R, Dg.(z) < lirf D¢ (), thus
T—r+00
V(G,e) < lim Dg.(z).
r—r—+00

By using the stopping time 7;., defined in Remark , for r > 0, using the fact that D¢ is
even, we get,

Vr,(G,c) =E[B}, —cBj ]
= D¢ (—r)P(Br, = —1)+ D¢ (r)P (B, =)



Hence, Vr > 0, sup, E[G(|B;|) — ¢7] > D¢ (r). Taking the limit as r goes to +o00, this yields
to sup, E[G(|B;|) — cr] > liril Dg¢ o(x). Thus, sup, E[G(|B;|) — c7] = lir_{l D¢ (z).
T—>+00 T—r+00

[]

Remark 1.4. If the boundedness condition is not satisfied, then sup, g(G(|z|) — cz?) could be
infinite. The equality still holds by doing as in the second case of the proof.

Remark 1.5. Adapting the latter proof and using Remark [I.2] we get
inf E[G(|B,|) — c7] = in£(G(|x|) — cx?),
T e
where the infimum is taken over all integrable (F;)-stopping times. The optimal stopping time is the

hitting time by the absolute value of Brownian motion |B| of the set of all minimum points of the
map D¢, : x — G(|z|) — cx?, when D¢, reaches a minimum on R.

2 Some consequences

2.1 Estimates for expectation of stopped Brownian motion

Using Theorems [I.1], and Remark [1.2] we get

Theorem 2.1. For all integrable (F;)-stopping time T,

e if p €]0,2],
E[|B,["] < E[r]"/%
e ifp=2,
E [B7] = E[7];
e if p €]2, +00],

E[|B,["] > E[]"".
Proof. Let T be an integrable (F;)-stopping time.

e By Theorem [1.2] we have, for all ¢ > 0,

2—p [ p\Pr/(2-p)
E[|B[") < cBlr + =2 (2)77 7
157 < e+ =2 (2
Then 5 -
E[|B,]"] < inf (CE[T] P (ﬁ)p ,,) .
c>0 p 2c

2 — /(2=p) 2/(2-p)
Let f: ¢ cE[r] + Tp (%)p " f is differentiable on R, f' : ¢ — E[7] — <21;> "

Thus f'(c) > 0 <= ¢ > gE[T](”_Z)/Z. So f reaches a minimum at %)E[T](p_2)/2 and

f <§E[T](P*2)/2> = E[7]?/2. Tt shows that

El|B.|"] < E[r]""2.

Remark 2.1. This comes also from Theorem and Jensen’s inequality, using z — 2P/? which
is concave.

e We have already proved this in Theorem [I.1]



e As stated in Remark [I.2] for all ¢ > 0,

then 2 /(2—p)
— P —p
E|B, "] > sup (cEm yI2 (L) ) .

c>0

Define the same f as above. Now, we have

Fle)>0 & c< gE[T]@—?)/?.

so f reaches a maximum and we conclude as in the first point that
E[|B,|"] > E[7]"%.

Remark 2.2. This comes also from Theorem and Jensen’s inequality, using z — 2?/? which
is convex.

L]
With the same method as above, using Theorem and Remark [I.5] we get

Theorem 2.2. Let G : Rt — R be a measurable map, then for all integrable (F;)-stopping time T,

sup (cElr] + (G 1) — eo?) ) < E(G(B.D] < inf (cElr] +sup(Glle) - o))

c>0 z€R

Remark 2.3.
e If 7 is not integrable, the upper bound equals +00 so the right-inequality is trivial.
e As seen in Remark , we do not need the boundedness condition .

Remark 2.4. Under the hypothesis of the theorem, if H :  — G(y/x) is concave, then by Jensen’s
inequality and Wald’s identity, E |G (|B;|)] < G (\/E[T]). Using that the concave-biconjugate H
of H is a concave function which is greater than H, one can find directly the right inequality of

Theorem "Concave" being changed into "convex" and "greater" into "lower", one can find the
left inequality. See |GP] for details.

Thanks to the change of time theorem (Theorem |A.1)), we can extend Theorem to local

martingales:

Theorem 2.3. Let M be a continuous local martingale starting at 0 and let G : Rt — R be a
measurable function. Then for any t > 0 for which E[(M, M);] < +00, we have

sup (GELOM. )]+ nf(Gol) — o)) < EIGMLI] < inf (B[O 3] + sup(G(al) = ) ).
>0 zE€ ¢ z€R
Proof. Using the Dambis-Dubins-Schwarz’s Brownian motion g for M, we have, for ¢ > 0 for which
E[(M, M) < +o0,

E[G(IM:])] = E[G(IMi])] = E [G (|Biaranye])]

< inf (L0 M) + sup(G(al) = ) ) = inf (L1 M) + sup(Gal) — ) ).

z€R z€eR

using Theorem
One can do the same for the other inequality. ]



Optimality in the bound:
In Theorem [2.2] the inequalities are sharp:

Theorem 2.4. Let G : R™ — R be a measurable map. Suppose that there exists cg > 0 such that
D¢, : @ = G(|z]) — cox? reaches a mazimum over R, then

sup (E1G(15.)] - inf (cElr] + sup(Gile) - %)) ) =o.

z€R

where the supremum is taken over all integrable (F;)-stopping times.
Suppose that there exists co > 0 such that Dg., : © — G(|x]) — coz?® reaches a minimum over R, then

c>0

nt (B 16021~ sup (Bl + nf(Glla) - ) ) =0,

where the infimum is taken over all integrable (F;)-stopping times.
Proof.

e We denote ag . a point where D¢ . reaches its maximum (possibly infinite) over R. Call 0, =
inf{t > 0, |B¢| = ag.}. By hypothesis, a¢ ., € R and o, is an integrable stopping time. Thus
we have

0=E[G(|B
=E[G(|B

) - COUCO:| - DG,CO (a/G,CO)

) — cooco} — ilellR) (G (|=]) — con)

O'CO

UCO

< sup (E [G (‘Bgco

c>0

) = coe] — ilelg (G (l=]) - ng))

< sup sup (E (G (|B;]) —c7] — ilég (G (|=]) - cx2)>

T >0

< sup (E1G (1)) + sup (~cElr] =sup (G (1) — s )

<sup (L6 (.1)] - f (et + p(G (e =)

where the supremum is taken over all integrable (F;)-stopping times. The other inequality
comes from Theorem [2.2]

e One can adapt the first point in order to get the other part of the theorem.

We deduce from this that the inequalities in Theorem are sharp:
Corollary 2.5.

e Ifp€]0,2],
! Sg%EWMﬂ—EMWQZO,

where the supremum is taken over all integrable (F;)-stopping times.
o If p =2, for all integrable (F;)-stopping time T,
E [B2] = E[7].

e If p €]2, 400,
@uEwyﬂ—EmWﬂ:Q

where the infimum is taken over all integrable (F;)-stopping times.
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Proof. Using G : z + |z|’, for p € R and Theorem

e If p €]0,2[, as stated in the proof of Theorem [1.2] for all ¢ > 0, D, : x — |z|" — ca? reaches a
maximum over R. The infimum over ¢ > 0 has been computed in the proof of Theorem

e If p = 2, we have already proved this in Theorem

e If p €]2, 40|, as stated in Remark , for all ¢ > 0, D,.: z + |z|" — cz? reaches a minimum
over R. The supremum over ¢ > 0 has been computed in the proof of Theorem [2.1]

]

2.2 Dubins-Jacka-Schwarz-Shepp-Shiryaev maximal inequalities for ran-
domly stopped Brownian motion

Proposition 2.1. If 7 is an integrable (F;)-stopping time, then

E [max Bt] < VE[].

0<t<r
This is a sharp inequality.

Proof. Let us write for ¢ > 0, S; = maxo<s<¢ Bs.

1
e Let ¢ > 0. We first define for t > 0, Z; = ¢((S; — By)? —t) + 1 It is a martingale:
c

— for all t > 0, Z; is F;-measurable.
1 1 1

— for all t > 0, E[|Z]] < cE[(S; — By)?] + ct + ol cE[B?] + ct + i 2ct + 1o <t
c c c

using the fact that (S; — B;) has the same law as |B;| (see Proposition [A.1)).
— Let 0 <5<t
E[Z: — Z,|F,) = cE [(S; — B))* = (S — By)* —t + s]
=cE[Bf —BZ—t+s| =0,

using again the fact that (S; — B;) has the same law as | By|.
Let o be a bounded (F;)-stopping time, since E[B,] = 0 (see Proposition [A.2)), we get

E[S, — co] = E[S, — B, — co| < E[Z,] = E[Zy] = i>

4ec

using :

1
—VreR, Vt>0, m—ctgc(xQ—t)+4—,
c

— and the Doob’s optional stopping theorem for martingale with a bounded stopping time.

Thus E[S,] < inf-o (4% + cE[a]) — /E[o].

Let now 7 be an integrable (F;)-stopping time. Applying what we have just shown to the
stopping time 7 A ¢, for ¢t > 0, we get

Yt >0, E[S,n] < VEIT A L.

We conclude by the monotone convergence theorem, since (S;):>o is non decreasing.



o Let a € R. We take 7 = inf{t > 0,5, — B, = a} which is equal in law to 7, = inf{t >
0,|B:| = a}, by Proposition . Then, using the integrability of 7 and Proposition , we
get E[S;] = a + E[B,] = a. Since E[r] = E[T}] = a® (see Remark [L.1]), we have the equality.

[]

Remark 2.5. We can extend this inequality to any continuous local martingale M starting at 0, using
S, the Dambis-Dubins-Schwarz’s Brownian motion of M (see Theorem [A.1)). Let ¢t > 0 such that
E[(M, M);] < 400, then,

E[mast} —E[maxﬁMM } —E[ max Bs} < VE[(M, M),].
0<s<t 0<s<t 0<s<(M,M);
Proposition 2.2. If 7 is an integrable (F;)-stopping time, then

{nwx|Bt}<ier[__

0<t<
This is a sharp inequality.
Proof.

e Let 7 be an integrable (F;)-stopping time. For ¢t > 0, define M; = E[|B,;| — E[|B;|] | Fin-]. This
is a martingale:

— for all t > 0, M; is F;r--measurable so it is F;-measurable.

— forallt >0,

E[M]] = E[E[IB: — E[|B-[] [Finll] < E[E[||B7| = E[|B-[]| [ Finr]] = E[I|B7| = E[| B-[]]

< 2E[|B,]] < 2v/E[B] < 2v/E[7] < +0o,

using Jensen’s inequality and Wald’s identity.

— Let 0 < s <t. We have, since M, is F, measurable,

E[Mt’-FS] = E[E[Mt’-r‘r”]'—S] = E[Mt|]'—s/\r] =E [E [|B7.] —E HBTH ‘]:t/\r] ’Fs/\r]
=E [|BT| —E HBTH |‘F8/\’T] = Ms~

It admits a modification which is right-continuous. But, using Jensen’s inequality, for all ¢ > 0,
we get

E[M?] <E[E[(IB,| —E[|B:[)* |Finr]] = E[(|B-| = E[|B))]
< E[BI] —E[|B.|]” <E[r],

by Wald’s identity. The right-continuous martingale (M;);>o is then bounded in L?, hence
E[(M, M).] < +oc and M? — (M, M) is an uniformly integrable martingale (see [RZ, Chapter
IV, Propostion 1.23 p.108]). Then M? — (M, M) converges a.s. and in L' to M2 — (M, M),
The martingale property and the L' convergence yields to E[{M, M).,] = E[M?2]. For all t > 0,
E[(M, M), <E[(M,M)s] < 400, so by the remark above

E LE%MS} < VE[(M,M),] < VE[(M, M) = VE[M2)].

Then by the monotone convergence theorem and using the uniform bound of the second moment

of M, we get
e |mae | < VERTE] < Ve (1B -~ E 2.1




Since, (Biar)i>o is a martingale closed by B,
= <
E L)mtaXT |Bt|} E [I?Zaox |Bt/\7|} <E {r?g%xE [| B+ | | Finr]

Thus we have

e | I5)| <€ {mM] FENB,) < \E(B. — E B + E[IB.]

0<t<r

< VE[r] — E[|B]* + E[|B-],

using Wald’s identity. But g : © — /E[7] — 22 + x defined on [O, \/E[T]} reaches its maximum
at \/E[7]/2 so by Proposition ,

E [max |Bt} < V2\E[7].

0<t<

e Take 7 = inf{t > 0, maxg<s<; | Bs| —|Bi| = a} for a > 0, one can show that it gives the equality.
See [DSS].

]

3 On Doob’s maximal inequalities for Brownian motion

Let 7 be an integrable (F;)-stopping time. The Doob’s maximal inequality states the sharp inequality
E {max B } <4E [BZ].
0<t<r

One can wonder if there exists a similar sharp inequality for Brownian motion started at any point
x € RT. Considering the optimal stopping problem,

V(z,s) =supE, ¢ [S, — e7],

where the expectation is taken with respect to the probability measure under which (S;);>0 =
(maxo<,<t B2 V s),5, starts at s and (By)i>o starts at z, one can show that

E. [max B ] < 4E, [B] — 227,

0<t<r

which is a sharp inequality. It can be extend to any power p > 1. See |[GP2] for details.

A Appendix

Theorem A.1 (Change of time). If M is a local martingale starting at 0, with (M, M) = 400
a.s., then there exists a Brownian motion (3;); such that My = By, for allt > 0. 3 is called the
Dambis-Dubins-Schwarz’s Brownian motion of M.

Proof. See |RZl, Chapter V, Theorem 1.6 p.181]. ]

Remark A.1. Up to enlarge the probability space, we can remove the condition on the bracket in the

previous theorem:

(Q, F, (F)i,P) is an enlargement of (€, F,(F;):, P) if there exists - Q — Q such that V¢t >
7 Y(F,) € F; and 7(P) = P. A process X defined on Q can be Vlewed as a process on () with

X(@) = X(w), when w = 7(@).



Remark A.2. For a random variable X defined on 2,

/X /X = E[X].

L
=|

Proposition A.1. For allt >0, S; — By|, where S; = maxg<s<; Bs.

Remark A.3. Thanks to P. Lévy, we have more: (S; — B;);>o has the same law as (| B|):>o. See [KS,
Chapter III, Theorem 6.17 p.210].

Proof. Let t > 0. By the reflexion principle, the density of (S;, B;) is given by

‘ 2(2a — b) (2a — 6)2
fr: (a,b) — W exp (_T 1oso0p<a-

Let u > 0, with the change of variables (a,b) — (a,a — b), we get

2(2a — 2a — b)?
P(S— By > u) — / 1y e 22020 (—M> 1o eadadb
R2

27t3 2t
2(a+c) (a+c)?
=/, 102u—7Tt3 exp (— 57 1,-odadc

2
C>u\/?exp ( —) de =2P (B > u) =P (|Bi| > u).

Proposition A.2. For all integrable (F;)-stopping time 7, E[B;| = 0.

Proof. Since (B} — t)¢>o is a martingale, (B2, —t A T);>0 is a martingale as a stopped martingale.
It implies that E B, —tAT]=E[B3.., — 0A 7] =0, hence

supE [B,.] =supE[t A 7] < E[r] < +o00.
>0 >0

The stopped martingale (Bja:)i>0 is then uniformly integrable, and since 7 is a.s. finite (because it
is integrable), it converges almost surely and in L' to tlig_n B = B-.

—400
But, by the martingale property, E[B;\,] = 0 and by L'-convergence E[Bi\,] — E[B,]. We

t—+o00
conclude by the uniqueness of the limit. O
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